We show that the normalized Siegel Eisenstein series of quaternion groups have at most simple poles at certain integers and half integers. These Eisenstein series play an important role of Rankin-Selberg integral representations of Langlands L-functions for quaternion groups.
Introduction
In the theory of Rankin-Selberg representations of L-functions, Siegel Eisenstein series play a critical role. The analytic continuation of L-functions and information about the poles can be obtained by using Siegel Eisenstein series. We will describe Siegel Eisenstein series induced from a character of the Levi subgroup of a maximal proper parabolic subgroup often called the Siegel parabolic. We will work on both quaternion groups O * (4n) and Sp * (n, n), so we will treat both cases together.
Let k be a totally real number field and let D be a quaternion division algebra over k with main involution σ . Let W be a 2n-dimensional vector space over D. Let V be a maximal totally isotropic subspace of W . Let S ∈ GL(2n, D) satisfy S * = S with = ±1. S defines an -hermitian form on W .
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0022-314X/$ -see front matter © 2010 Elsevier Inc. All rights reserved. Let P be the parabolic subgroup of G which stabilizes a maximal isotropic subspace of W . Such parabolic subgroup is the Siegel parabolic and it has the Levi decomposition P = M N where
is the standard Levi subgroup and
is the unipotent radical.
The modular function of P is given by δ P (m) = | det a| For a unitary Adele-class character χ : 
We fix a standard maximal compact subgroup
For a standard section Φ(s) ∈ I n (s, χ ), and g ∈ G(A) we define the Eisenstein series
where w n is the longest Weyl element
From the general theory of Eisenstein series [8] and [1] we have: 
Proof. This can be done by standard Gindikin-Karpelevich type argument [3] or Casselman type argument (Theorem 3.1 on page 397 in [2] ). 2
We consider the normalized Eisenstein series
Here S is a finite set of primes which includes bad primes.
, ρ 4n }. We are ready to state the main theorem:
Theorem 2 (Main Theorem). Let Φ(s) be a standard section of I n (s, χ ). The poles of E * (g, s, Φ) are at most
simple and occur at the points s ∈ X n . Remark 1. Kudla and Rallis investigated the poles of the normalized Eisenstein series for orthogonal and symplectic groups in [6] and [7] . In the first paper, they gave a set for possible poles. This set consists of points in both the left half-plane and the right half-plane. In the second paper, they proved the regularized Siegel-Weil formula for orthogonal and symplectic dual pair. Along the way they were able to prove that the normalized Eisenstein series has no poles in the left half-plane. In our case, the regularized Siegel-Weil formula has not been proved yet. Once we have necessary results for the formula, we will be able to obtain similar result for possible poles.
The proof of the theorem consists of three main parts. Firstly, we prove that the poles in the right half-plane can only occur in the given set. Secondly, we prove the simplicity of the poles. Lastly we extend the proof to the left half-plane.
Right half-plane
In this part we prove the theorem in the half-plane Re(s) > 0. In the first step we need to calculate the Fourier coefficients of Eisenstein series.
Let β ∈ Sym n (k). Identify β with the character of the unipotent radical N of P given by
We consider the Whittaker model
The βth Fourier coefficient of an automorphic form f on G(A), with respect to the character ψ β is given by We know the following result from [4] and [6] . For a non-archimedean place v, if I n,v (s, χ v ) is irreducible, then it is non-singular.
Proposition 1.

Lemma 2. The degenerate principal series I n,v (s, χ v ) is irreducible if s is not in the set
Proof. See Proposition A.1. in [6] and Proposition 14 in [9] . 2
Note that X n is a subset of X n .
and almost everywhere it is spherical. Consider the βth Fourier coefficient of E(g, s, Φ): Proof. For p-adic places it is proved in [4] and for archimedean places it is proved in [10] . 2
We have the following commutative diagram (up to a scalar): By using the diagram (1) and Lemma 4 we have 
This map is G v 0 -intertwining by the choice of k. 
Simplicity of poles
In this section we calculate the constant terms of Eisenstein series along maximal parabolic subgroups to prove the simplicity of poles. 
Notation
Let w n−r be the element in Weyl group given by
Let Q r denote the maximal parabolic subgroup of M n given by
The modular function of P becomes
Let P = M N be arbitrary standard parabolic. The constant term of the Eisenstein series along the parabolic P is given in the following lemma (p. 15 in [5] ).
Lemma 6.
where 
For 1 r n, let Φ r denotes Φ w r . Now let's calculate the constant term along the Siegel parabol-
.
and 
for all p ∈ P = Q r N n and g ∈ G(A). The following can be checked easily
We add a superscript to indicate objects defined on G r . Note that ι(w 
P 1 constant term
We apply Lemma 6 to find P 1 constant term of the normalized Eisenstein series. Recall that the Levi component of P 1 is
First of all, there are two different elements in the double coset W P n \W /W P 1 , namely {1, w}. We We calculate the constant term of the Eisenstein series E n,P 1 (m (1, g ) , s, Φ) at the point m (1, g ) ∈ M 1 .
There are two terms and the first term can be calculated as follows: 
